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Abstract We study transfer of single photon in an
one-dimensional finite Glauber-Fock cavity array whose
coupling strengths satisfy a square root law. The evolved
state in the array can be mapped to an upper truncated
coherent state if the cavities are resonant. Appropriate
choices of resonance frequencies provide perfect trans-
fer of a photon between any two cavities in the array.
Perfect transfer of the photon allows perfect quantum
state transfer between the cavities. Our findings may
help in realizing quantum communication and informa-
tion processing in photonic lattices.
Keywords Glauber-Fock array · Photon transfer ·
Quantum state transfer
1 Introduction
Quantum state transfer is an essential task for real-
izing quantum communication [1,2,3,4,5,6,7,8,9,10].
This protocol requires transfer of an unknown qubit
state between two nodes [11,12,13]. Many physical sys-
tems such as spin chain [1,7,6], Josephson-junction ar-
ray [14], quantum dots [15,16], coupled cavities [3,8,17,
18], photonic lattices [19,20], etc have been investigated
to realize quantum state transfer. Possibility in precise
control of resonance frequencies and coupling strengths
of the array, coupled cavities provides a suitable physi-
cal system to realize controlled quantum state transfer
[3,8,17,21,22,23].
Cavities have been used to realize many interesting
phenomena such as entanglement generation [24,25,26,
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27], quantum state preparation [28,29,30,31], localization-
delocalization [32,33], photon blockade [34,35,36,37,38]
etc by properly tuning the resonance frequencies or in-
cluding Kerr nonlinearity. In addition, coupling the cav-
ities and suitably modifying the coupling strengths pro-
vide perfect transfer of photons between the cavities [3,
8,39,40].
Such an array of cavities that has attracted a lot of
attention is Glauber-Fock cavity array, whose coupling
strengths satisfy Jk = J
√
k. This array is used for real-
izing classical analogue of coherent state and displaced
Fock state [41], dynamic localization and self imaging
[42], transport and revival of squeezed light [43], Bloch-
like revival [44], etc. In this article, we investigate per-
fect quantum state transfer between any two cavities
in a Glauber-Fock cavity array. A single photon in the
first cavity evolves to a state which can be mapped to a
truncated coherent state. Suitable choices of resonance
frequencies of the cavities allow perfect transfer of single
photon between the cavities. This shows the possibility
of transferring a qubit state of the form α |0〉 + β |1〉,
where |0〉 is the vacuum state and |1〉 is the single pho-
ton state.
This article is organized as follows: In Sec. 2, we
briefly overview Glauber-Fock cavity array. We show
the possibility of perfect transfer of a photon between
the cavities in the array in Sec. 3. In Sec. 4, we establish
perfect transfer of a qubit state. Effect of dissipation on
quantum state transfer is presented in Sec. 5. Finally
we summarized our results in Sec. 6.
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2 Glauber-fock cavity array
Consider a system ofN cavities described by the Hamil-
tonian
H =
N∑
k=1
ωka
†
kak +
N−1∑
k=1
Jk(a
†
kak+1 + aka
†
k+1), (1)
where ωk is the resonance frequency of the kth cav-
ity. The operator ak(a
†
k) is the annihilation (creation)
operator for the kth cavity. The strength of coupling
between kth cavity and (k + 1)th cavity is Jk, which
satisfies the square root law, i.e, Jk = J
√
k. These cou-
pling strengths can be achieved by adjusting the sepa-
ration between the cavities with Jk ∼ e−ηdk [41]. Here
dk is the distance between kth cavity and (k+1)th cav-
ity, and η is a constant.
A key feature of H given in Eqn. 1 is that it con-
serves total number of quanta ,i.e., [H,
∑
k a
†
kak] = 0.
This signifies that there are invariant subspaces for the
unitary dynamics generated by the Hamiltonian. Con-
sider the cavities are resonant, then the Hamiltonian
given in Eqn. 1 in the interaction picture is
Hint =
N−1∑
k=1
Jk(a
†
kak+1 + aka
†
k+1). (2)
We restrict the total number of quanta to be one. Then,
the set |11, 02, 03, 04...0N 〉 , |01, 12, 03, 04, ...0N 〉, ............,
|01, 02, 03, ...1N 〉 forms a basis, where nm inside the ket
represents n photons in mth cavity. For simplicity, the
state |01, 02, 03, .., 1k, ...0N〉 which represents single pho-
ton in kth cavity and other cavities are in vacuum, is
denoted as |k〉〉. Now, the interaction Hamiltonian given
in Eqn. 2 can be written in a matrix form using the
aforementioned basis set. The matrix form of Hint is
Hint =


0 J 0 0 . . .
J 0
√
2J 0 . . .
0
√
2J 0
√
3J . . .
...
...
...
. . .
√
N − 1J
0 0 . . .
√
N − 1J 0


, (3)
which can be written in the form
Hint = J(A+A
†), (4)
where
A =


0 1 0 0 . . .
0 0
√
2 0 . . .
0 0 0
√
3 . . .
...
...
...
. . .
√
N − 1
0 0 . . . 0 0


. (5)
It is to be noted that A |k〉〉 = √k |k − 1〉〉, which is
analogous to annihilation operator. Hence, the interac-
tion Hamiltonian given in Eqn. 4 can be mapped to a
driven oscillator with the driving strength J . Now, a
single photon in the first cavity evolves to
|ψ(t)〉 = e−iHintt |11, 02, 03, 04...〉 ,
= e−iHintt |1〉〉,
= e−
1
2
J2t2[A,A†]e−iJtA
†
e−iJtA |1〉〉, (6)
where we have used the Baker-Hausdorf-Campbell the-
orem [45]. Using [A,A†] = 1 and A |1〉〉 = 0, the above
equation can be written as
|ψ(t)〉 = e− 12J2t2
∑
j
(−iJtA†)j
j!
|1〉〉. (7)
Now, using the action ofA†, i.e., A† |k〉〉 = √k + 1 |k + 1〉〉,
the evolved state becomes
|ψ(t)〉 = Nc
N∑
k=1
(−iJt)(k−1)√
(k − 1)! |k〉〉, (8)
where
Nc =
e−(Jt)
2/2√[
e−(Jt)2
∑N−1
j=0
(Jt)2j
j!
] , (9)
is the normalization constant. Using the definition of
incomplete gamma function [46]
γ(N, x) = (N − 1)!

1− e−x
N−1∑
j=0
xj
j!

 , (10)
normalization constant becomes
Nc =
e−(Jt)
2/2√
1− γ(N,(Jt)2)(N−1)!
. (11)
The evolved state given in Eqn. 8 is equivalent to an
upper truncated coherent state [47,48,49]. In the limit
of N → ∞, the state is analogous to a coherent state
|α〉.
Probability of detecting the single photon in mth
cavity is
Pm = |〈〈m |ψ(t)〉 |2 =
∣∣∣∣∣Nc
(−iJt)(m−1)√
(m− 1)!
∣∣∣∣∣
2
. (12)
Fig. 1 shows the probability distribution Pm at various
values of ωt. This probability distribution is analogous
to the photon number distributions in truncated coher-
ent states with an appropriate amplitude.
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In the context of perfect transfer, it can be infer
from the figure that complete transfer of the photon to
a specific cavity with unit probability is not possible.
Hence controlling the photon transfer is not achievable
in resonant cavities for this choice of coupling strength.
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Fig. 1 Probability distribution Pm at (a)ωt = 0, (b)ωt =
30, (c)ωt = 40 and (d)ωt = 84. We set J/ω = 0.05, N = 10.
3 Perfect transfer of a photon
As seen in previous section, perfect transfer of a pho-
ton between any two cavities in the array is not possi-
ble if the cavities are resonant. A feature that can be
used for controlling the transfer is to suitably choos-
ing the resonance frequencies. Perfect transfer between
any two cavities is already been achieved in an array
by suitably modifying the resonance frequencies where
the coupling strengths are symmetric about the centre
[3]. A parabolic form of resonance frequencies are used
for controlling the transfer [3]. In this article, we choose
the resonance frequencies as
ωk = C +
(
(k − 1)− (k − 1)
2
(m+ n− 2)
)
, (13)
which are also parabolic (inverted). This choice of res-
onance frequencies guarantees ωm = ωn, i.e.,
〈〈m|H |m〉〉 = 〈〈n|H |n〉〉, (14)
for anym and n. This is the basic requirement for trans-
ferring a photon from mth cavity to nth cavity. These
resonance frequencies are shown in Fig. 2, where we
choose m = 3 and n = 7. The frequencies that is given
in Eqn. 13 can be realized in photonic crystal cavities
where precisely controlling the resonance frequencies is
possible by various techniques such as nanofluidic tun-
ing [50], nanomechanical tuning [51], photochromic tun-
ing [52], to mention a few.
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Fig. 2 Resonance frequencies ωk/C as a function of k. We
choose m = 3 and n = 7 with N = 10. Note that ω3 = ω7.
Using degenerate perturbation theory, it can be seen
that the states
|±〉〉 = 1√
2
(|m〉〉 ± |n〉〉) +O(J/∆m,m+1)
+O(J/∆m,m−1) +O(J/∆n,n+1) +O(J/∆n,n−1),
(15)
become the approximate eigenstates of H given in Eqn.
1. Here, ∆x,y = ωy − ωx. The corrections that is given
in the above equation are small for smaller J .
If the initial state is |m〉〉, i.e., a single photon in
the mth cavity, then the state at later time is
|ψ(t)〉 = e−iHt |m〉〉,
≈ 1√
2
e−iHt[|+〉〉+ |−〉〉] +O(J/∆m,m+1)
+O(J/∆m,m−1) +O(J/∆n,n+1) +O(J/∆n,n−1),
≈ e−iλt [cos θt |m〉〉 − i sin θt |n〉〉] +O(J/∆m,m+1)
+O(J/∆m,m−1) +O(J/∆n,n+1) +O(J/∆n,n−1),
(16)
with θ = (λ+ − λ−)/2 and λ = (λ+ + λ−)/2. Here λ±
are the eigenvalues of H correspond to the approximate
eigenstates |±〉〉. If J is very small, the above equation
can be written as
|ψ(t)〉 ≈ e−iλt [cos θt |m〉〉 − i sin θt |n〉〉] . (17)
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Note that the photon is exchanged periodically between
mth cavity and nth cavity. The probability of transfer-
ring a photon from mth cavity to nth cavity is
Pmn ≈ sin2 θt. (18)
At time t = pi/(λ+ − λ−), photon is completely trans-
ferred from mth cavity to nth cavity. This is the min-
imum time to transfer a photon from mth cavity to
nth cavity. Thus the condition given in Eqn. 13 ensures
perfect transfer of a photon between any two cavities
in the array.
Fig. 3(a) shows the probability of transferring a sin-
gle photon from first cavity (m = 1) to fifth cavity
(n = 5) and Fig. 3(b) shows the transfer probability
from second cavity (m = 2) to fourth cavity (n = 4).
Total number of cavities in the array is six. It can be
seen in figure that there is perfect transfer of a photon
from mth cavity to nth cavity.
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Fig. 3 Probability of single photon transfer from mth cav-
ity to nth cavity (Pmn) as a function of ω1t. Here we set
J/ω1 = 0.0013. All the system parameters are in the unit of
ω1. Resonance frequencies are satisfying the relation given in
Eqn. 13.
An interesting aspect of this transfer is that the
other cavities in the array are not populated signifi-
cantly during the evolution. This comes from the fact
that the states other than |m〉〉 and |n〉〉 do not con-
tribute appreciably to |ψ(t)〉 given in Eqn. 16.
4 Quantum state transfer
Perfect transfer of a photon between any two cavities
in the array is possible if the resonance frequencies of
the array satisfy the relation given in Eqn. 13. In this
section, we establish perfect transfer of a quantum state
of the form α |0〉 + β |1〉, which is the superposition of
vacuum state and a single photon state.
Consider the interaction term in H to be of the form
Hint =
N−1∑
k=1
Jk+1(e
iηa†kak+1 + e
−iηaka
†
k+1), (19)
where the coupling strengths are assume to be com-
plex. Complex coupling strengths can be realized ex-
perimentally using wave-guide delay line [53]. Now, the
approximate eigenvectors of H are
|±〉〉 ≈ 1√
2
[
|m〉〉 ± ei(n−m)η |n〉〉
]
. (20)
Consider the initial state of the cavity array to be α |vac〉〉+
β |m〉〉, which corresponds to the mth cavity in the
superposition α |0〉 + β |1〉 and the other cavities are
in their respective vacuua. The target state is |Ψ〉 =
α |vac〉〉 + β |n〉〉, which corresponds to the nth cavity
in the superposition α |0〉+ β |1〉 and the other cavities
are in vacuum.
Now the initial state evolves as
|ψ(t)〉 = α |vac〉〉+ βe−iλt[cos θt |m〉〉
− ie−i(n−m)η sin θt |n〉〉]. (21)
Fidelity for the quantum state transfer frommth cavity
to nth cavity is
Fmn = |〈Ψ |ψ(t)〉|2 ,
≈
∣∣∣|α|2 − i|β|2e−iλte−i(n−m)η sin θt
∣∣∣2 , (22)
where λ = (λ+ + λ−)/2. If η =
1
(m−n) (
pi
2 − λpi2θ ), the
fidelity becomes nearly unity at θt = pi/2. In other
words, the state of the nth cavity is in the superpo-
sition α |0〉+β |1〉 and rest of the cavities are in vacuum.
Fig. 4 shows the fidelity F14, i.e., fidelity of quantum
state transfer from first cavity to fourth cavity as a
function of ω1t for various choices of α and β. It is to
be noted that the fidelity is unity for all choices of α
and β. Hence, the condition given in Eqn. 13 ensures
perfect transfer of a quantum state between any two
cavities in the array.
5 Effect of dissipation
An ideal system is characterized by complete isolation
of the system from environment. However, dissipation
is unavoidable. Effect of dissipation on quantum state
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Fig. 4 Fidelity of quantum state transfer from 1st cav-
ity to 4th cavity (F14) where (a)α = 1/2, β =
√
3/2,
(b)α = 1/
√
3, β = i
√
2/3, (c)α = 1/
√
2, β = 1/
√
2 and
(d)α =
√
3/2, β = 1/2. Here we set J/ω1 = 0.0013. Reso-
nance frequencies are satisfying the relation given in Eqn. 13.
All the system parameters are in the unit of ω1.
transfer fidelity is studied by analyzing the master equa-
tion. Master equation that includes dissipation in the
cavity array is [54]
∂ρ
∂t
= −i[H, ρ] + γ
2
N∑
k=1
L(ai)ρ, (23)
where
L(o)ρ = (2oρo† − o†oρ− ρo†o),
is the Lindblad superoperator [55]. For a single cavity,
master equation can be solved analytically by super-
operator method [56,57]. However, for coupled cavities,
the number of equations of motion depends on the di-
mension of density matrix and hence, an analytical so-
lution for master equation is difficult to derive. Here, we
solve the master equation numerically. The equations of
motion for the density matrix elements ρm,n are
∂ρm,n
∂t
=
∂
∂t
〈〈m| ρ |n〉〉,
= −i[(ωm − ωn)ρm,n + Jm(ρm+1,n + ρm−1,n)
+ Jn(ρm,n+1 + ρm,n−1)] + γ(2ρm+1,n+1 − ρm,n).
(24)
By considering the initial state |ψin〉 = α |vac〉〉+β |m〉〉
and numerically solving the above equations of motion
one can obtain the density matrix at various instances
of time.
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Fig. 5 Average fidelities of quantum state transfer F13 (con-
tinuous) and F25 (dashed) as a function of γ/J . All the res-
onance frequencies satisfy the relation given in Eqn. 13.
Fidelity for the quantum state transfer in the pres-
ence of dissipation can be calculated as
Fmn =
[
Tr
(√√
σρ
√
σ
)]2
. (25)
Here σ = |Ψ〉 〈Ψ |, where |Ψ〉 = α |vac〉〉+ β |n〉〉.
Fig. 5 shows average of fidelities of quantum state
transfer between the cavities as a function of γ/J . Here
the average is taken over ensemble of initial states, i.e.,
α and β are chosen randomly. In the absence of dissi-
pation, the fidelities are nearly unity. Average fidelities
decrease due to photon loss from the array.
6 Summary
Quantum state transfer is essential for future quantum
communication. We studied single photon transfer and
quantum state transfer in Glauber-Fock cavity array
whose coupling strengths satisfy square root law. If the
cavities are resonant, the evolved state in the array can
be mapped to an upper truncated coherent state. By
suitably modifying resonance frequencies of the cavi-
ties, we achieve perfect transfer of single photon be-
tween any two cavities in the array. Transfer of a photon
allows us to transfer of a qubit state between the cavi-
ties. High fidelity of quantum state transfer is achieved
even in the presence of dissipation. These results are
useful in the context of quantum information process-
ing and communication. The ideas presented here are
also applicable for spin chains if the coupling strengths
are suitably modified.
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